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ON SOME NEW NONLINEAR VOLTERRA-FREDHOLM
TYPE DISCRETE INEQUALITIES AND ITS APPLICATIONS

SUBHASH KENDRE AND NAGESH KALE

(Communicated by Q.-H. Ma)

Abstract. In this paper, we develop some extensions and generalizations of some new nonlinear
Volterra-Fredholm type discrete inequalities. These inequalities can be used as handy tools in
the study of class of nonlinear Volterra-Fredholm sum-difference equations and its variants to
obtain bound on the unknown function and analysis of various properties of solutions.

1. Introduction

The prominence of discrete and integral inequalities is diversified due to their ap-
plication in the study of qualitative and quantitative properties of solutions of vari-
ous linear and nonlinear difference, differential and integral equations. The Gronwall-
Bellman inequality [8, 9] and its numerous extensions and genralizations play a central
role in the analysis of properties like boundedness, uniqueness, stability etc. of solu-
tions of such equations, see [1, 2,4, 5,6, 7, 11, 12, 13, 14, 15, 16, 17] and references
cited therein.

The necessity of such integral inequalities of more general kind has always been
felt in the study of boundedness of solutions of second order linear differential equations
of the type y” + A(t)y’ = 0. For the first time, Ou-lang [10] investigated an integral in-
equality to study this class of differential equations. This inequality is currently known
as Ou-Iang’s inequality in the branch of inequalities. Recently Ma[3] have developed
the discrete version of Ou-lang’s inequality in two variables of Volterra-Fredholm type.
This version has soon became a powerfool tool in the study of large variety of Volterra-
Fredholm difference and sum-difference equations.

In this manuscript, we extend and improve some of the results reported in [3] to
obtain new generalizations of Volterra-fredholm type discrete inequalities. These in-
equalities can be used in the study of more general kind of nonlinear Volterra-Fredholm
sum-difference equations. Some examples are also given to exhibit the importance of
our results.

Throughout this article, we let Ng =0,1,---, A5 =1[0,5)NZ and A7 =[0,T)N
Z, where S,T € Ny. We denote Ry = [0,00), R = (0,00) and as usual R denote

Mathematics subject classification (2010): 26D15,65Q05,39A70,39A10.
Keywords and phrases: Nonlinear discrete inequalities, Volterra-Fredholm type, explicit bounds, sum-
difference equations.
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the set of all real numbers. Further we denote .4 = .45 x A7 C Z? and sublattice
Nsg) of A by Ny = ([0,5] x [0,2]) A", forany (s,¢) € .4". We denote the set
of all nonnegative real valued fuctions on Ny by %, (Np) and the collection of all
continuously differentiable functions from X to ¥ by C(X,Y). For % C Ng, the set
of all real valued fuctions on 7/ is denoted by .% (%) and set of all nonnegative real
valued fuctions on 7%/ is denoted by F, (% ).

The partial difference operators Ay, Ay and AyA; on x € F(N3) or x € Z4(N)
are defined as Ajx(s,7) = Ax(s,7) = x(s+ 1,1) —x(s,1),Aox(s,1) = Ax(s,1) = x(s,1 +
1) —x(s,2), and ApAx(s,t) = A x(s,t) forany (s,t) € N .

Before proceeding to the statement of our main result, we state here some impor-
tant finite difference inequalities and definitions that will be used in further discussion.

THEOREM 1.1. (Mal[3]) Suppose that u,a € F(A") and w € C(Ry,R;) be
nondecreasing function such that w(m) > 0 for m > 0.

If u(m,n) satisfies

m=1 n—1 M-1N-1
u(mn) <k+ Y Y als,0)w(u(s,0)+ Y, Y, als,t)w(u(s,r))
s=mqyt=ngy s=mqt=ngy
for (m,n) € N, then
M-1N-1 m=1 n—1
u(m,n) <G, EEast —1—2 Y a(s,t
S=myt=n s=mqyt=ng

Sfor (m,n) € N, where
Gl(V):/Vi’ v=2v0>0, Gi(eo) = oo, Hy(t) =Gi(2t—k) = Gi(t)
v W(s)

with H\(t) strictly increasing for t > k and Gfl and H U are inverse functions of G,
and H\ respectively.

THEOREM 1.2. (Pachpatte [1], p.371) Let the functions u(x,y) = 0,a(x,y) > 0,
b(x,y) = 0 be defined for x,y € Ny and u(x,0) =u(0,y) =k, where k > 0 is a constant.
If

MoAju(x,y) < a(x,y)u(x,y) +b(x,y) (L.1)
for x,y € Ny, then

u(x,y) < H

s=0

1+2ast] (1.2)

for x,y € Ny, where

x—1y—1

k+22bst (1.3)

s=01=
for x,y € Np.
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THEOREM 1.3. (Salem and Raslan[2]) Let u(m,n),a(m,n),b(m,n) be nonnega-
tive functions and a(m,n) nondecreasing for m,n € N. If

m—1n—1
u(m,n) < a(m,n) + 2 2 b(s,t)x
s=0 1=
for m,n € N, then
n—1 m—1
u(m,n) <a(mn) [T |1+ Y, b(s,1)| .
t=0 s=0

THEOREM 1.4. (Lees[17]) Let u(t),a(t) and b(t) be nonnegative functions de-
fined on Ny and a(t) is nondecreasing for t € Ny. If

t—1
(1) + Zab(S)M(S)

fort € Ny, then

s=0 s=

=1
u(t) <a(r) [T +b(s)] exp(Zb )

fort € Ny.

DEFINITION 1. A function o : Ry — R is said to be superadditive if ar(x+y) >
o(x)+a(y) forall x,y e R,

DEFINITION 2. A function f3: Ry — R, is called as submultiplicative if 8 (xy) <
B(x)B(y) forall x,y € Ry.

2. Main results

In present section, we state and prove some new nonlinear Volterra-Fredholm type
discrete inequalities. These inequalities can be used as powerfool tool in the analysis of
behavior of solution and determining the explicit bound on various nonlinear difference
and sum-difference equations of Volterra-Fredholm type.

THEOREM 2.1. Let x,a,Ax(s,1),Ax(s,1),A2x(s,t) € F (%) and h,® €
C(R4,Ry) be continuous nondecreasing functions such that h(m) > 0,w(m) > 0 for
m € R, Let k € Ry be a constant and x(0,t) = x(s,0) =k'. If

s—11—1 S—-1T-1

A2 x(s,1) k—|—h<z Y a(m,n)o (A2, x(m,n) )+ Y Zamn (A, x(mn)))

m=0n= m=0n=

2.1
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for (s,t) € N, then

s—1 1—1 1 T-1 1 —1
x(s,t) <K+ Y Zk—l-h{Q ( EZamn )4—2 2 ]}
m'=0n'=0 m=0 n= m=0 n=

(2.2)

r ds
or (s,t) € N, where r)=[————,
for (s.1) 00 = | arri)
strictly increasing function and Q~',P~! are inverse functions of Q and P respec-
tively.

r=ro>0, P(r)=0Q2r)—Q(r) is

Proof. Define a function z(s,7) by
s—11—1 —17T—
z(s,1) = 2 2 a(m,n)® (Amnx m,n) 2 2 Amnx(m n)). (2.3)

m=0n=0

Then we have

Z Z a(m,n)o(A2, x(m,n)) (2.4)
m=0 n=
and
A2 x(s,1) <k+h(z(s,1)), (s,;2) €N (2.5)
From equation (2.3), we obtain
-1
Asz(s,1) Zasn < Y a(s,n)w(k+ h(z(s,n)))
n=0
-1
o(k+h(z(s,1))) Y als,n). (2.6)
n=0
We also observe that
\+l t A ( t) 1
sZ\S,
Oz(s-+1.1)) - / ST Sl AC < Zen.
2.7)
Substitute s = m in (2.7) and sum it over m from O to s — 1 to get
s—1t—1
0(z(s,1)) < 0(z(0,0))+ Y. Y a(m,n). (2.8)

m=0n=0
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As Q is increasing, (2.8) gives an estimate

s—1t—1
2s,t) <071 [Q(Z(O,I))—i— D Za(mm)] : (2.9)

From (2.3) and (2.9), it is clear that

2z(07t):z(S,T)<Q_ll z(0,7) +Zszlamn]

m=0n

17-1
=0 [ 2(0,1) +22amn]. (2.10)

m=0n

The inequality (2.10) results into

0(22(0,1)) — 0(z(0,1)) < Y, D a(m,n). (2.11)

As P(t) = Q(2t) — Q(¢) is strictly increasing function, we have

lEITEI mn] (2.12)

m=0n

Using (2.12) in (2.9), we get

—17—1 s—11=1
2(s,t) < Q7! ( 2 2 a(m,n) ) Y Ea(m,n)] . (2.13)
m=0 n= m=0n=0

Making use of (2.13) alongwith (2.5), we have

171
A2.x(s,1) <k—|—h<Q_ ( lz Y a(m,n)

) zzamnb, e

m=0n= m=0n
(2.14)
Application of Theorem 1.2 implies the bound
s—1 r—1 m —1n'—1
st)<k’—|—2 Ek—Fh o 'lo EZamn —|—22 .
m'=0n'=0 m=0 n= m=0 n=
(2.15)

This proves our theorem.

COROLLARY 2.1. Let x,Ax(s,1),Ax(s,1),A2x(s,t),h,®,k, k' be as defined in The-
orem 2.1 and b,c € F(%). If

s—=11-1
A2x(s,t) <k+h (2_'0 be(mm)wl(A LX(mun)) + 20 Z c(m,n) (A2, x(m, n)))

(2.16)
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Sor (s,t) € A and there is a nondecreasing function #}

) € C(R4,Ry) with the

property that both ) and @, are less than or equal to #(r), then
s—1 1—1 —17-1 m —1n/—1
x(s,0) <K+ Y, D k+h 0! Zden Zden
m'=0n"=0 m=0 n= m=0 n=

2.17)

for (s,t) € N, where

ds
r):r/m, r=rg>0, P(r)=02(2r) — 02(r)

and Q5 I,Pz_ U are inverse functions of Qs and P respectively and d(m,n) € F (%)
is such that b(s,t) and c(s,t) both are less than or equal to d(s,t).

Proof. Proof can be easily carried out by following the proof of previous theorem
with little changes.

COROLLARY 2.2. Let x,Asx(s,t),Ax(s,t),A2x(s,t),h, o,k be as defined in The-
orem 2.1, ky,ky € Ry be constants and c,d € F (U ). If

s—11—1 —17-1

A2x(s,t) <ki+ky h (Z Y c(m,n)w (A2, x(m,n))+ Z Z d(m,n)wy (A2, x(m, n))) ,

m=0n=0 m=0 n=
(2.18)
for (s,t) € AN and there is a nondecreasing function #>(r) € C(Ry,Ry) with the
property that both ) and @, are less than or equal to #5(r), then
s—1 1—1 —17—1 m—1n'—1
x(sJ)ék’—f—Z Zkl—I—kz h Q;l 03 P3_ Z Zemn Z Zemn ,
m'=0n'=0 m=0 n= m=0 n=

(2.19)

for (s,t) € N, where

ds
0 Ma r>r0 >0, P3(r) :Q3(2r)_Q3(r)

and Qy 1,P3_ are inverse functions of Q3 and Py respectively and é(m,n) € F, (%)
is such that c(s,t) and d(s,t) both are less than or equal to é(s,t) € F (U ).

Proof. Proof can be finished by minutely observing and following the proof of
Theorem 2.1.
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THEOREM 2.2. Let x,a,Agx(s,t),Ax(s,1),A2x(s,t),h, @, k,k' be as defined in The-
orem?2.1and be F(U). If o(r) is a submultiplicative function and

s—11—1

A2 x(s,1) < k+ D Za(mm)qu x(m,n) —l—h(Z men S X(m,n))
m=0n=0 m=0n=
171

+Z men (A2 x(mn))>

m=0n=
(2.20)

for (s,t) € N, then

xsn) <K+ Y ti](m’,n’{k—i—h( [( [Slezlbmn mnD

m'=0n'=0 m=0n

+ilnilbmn mnD} (2.21)

m=0 n=

where P,Q,P~', Q™" are as defined in Theorem 2.1 and

t—1

J(sJ)zH

n=0

s—1

1+ a(m7n)] (2.22)
m=0

for (s,;t) e N

Proof. Define a function z(s,?) as

S-17-1
k—l—h(E Zb (m,n) A aX(mun)) + 2 2 b(m,n)o (Amnx(m n)))

m=0n= m=0n=0
(2.23)
Then inequality (2.20) takes the form
s—11—1
A2x(s,1) < z(s,1) + > > a(m,n)A2 x(m,n). (2.24)

m=0n=0

As z(s,1) is nonnegative nondecreasing in each variable s,7 € Ny, a straightforward
application of Theorem 1.3 to the inequality (2.24) implies the estimate

A2x(s,1) < z(s,0)J(s,1), (2.25)

where J(s,¢) is as defined in (2.22). Using (2.25) in (2.23) and submultiplicativity of
o, we get

s—11—1

z(s,1) Sk—kh(zo %b(m,n)w(]( z2(m,n +Zo Eb m,n) ))w(z(m,n)))
(2.26)
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Making use of Theorem 2.1 in inequality (2.26) with appropriate modifications, we
obtain

(st)<k+h< [( rzmglbmn D+22bmn ))D.

m=0n m=0n
(2.27)
From (2.25) and (2.27), we get
S—1T—1
A2 x(s,1) < J(s, ){k—|—h< [ ( [2 Ebmn })
m=0 n=|
+22bmn D} (2.28)
m=0n=

Applying Theorem 1.2 to the inequality (2.28), we get the desired inequality in (2.21).

REMARK 2.1. The inequality mentioned in Theorem 2.1 can be obtained as a
particular case of the above inequality if we substitute a(s,z) =0, (s,7) € A

THEOREM 2.3. Let x,a,b,Agx(s,t),Ax(s,1),A2x(s,t),h, @0,k k', P,Q,P~1, 0~ be
as defined in Theorem 2.2.

LI

1i-1
A2 x(s,1) < k+ Z a(m,t)A2,x(m,1) +h<z b(m,n)w(A2,x(m,n))
0

m=0 m=0n=

—17T-1

+Z men (A2 x(mn))>

m=0n=
(2.29)
for (s,t) € N, then

x(s,z)sk’+§ t_EIJl(m’,n’ {k—i—h( [ (P— [SEI Tzlb (m,n)o(Jy (m n))D

m'=0n"=0 m=0 n=

V5 simmpatm])

m=0 n=
(2.30)

where J1(s,t) = S]:II [1+4a(s',10)] for (s,t) € N .
s'=0
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IL If

A2 x(s,1) <k—|—2 a(s,n)A2 x(s,n) +h<2 Ebmn (A2, x(m,n))

m=0n=
+ 2 2 b(m,n) Amnx(m n)))
m=0 n=
(2.31)
for (s,t) € N, then

x(s,z)gk’+§ ti]g(m’,n/ {k+h< [ ( [SEITEZJ (m,n)o(J2(m n))D

m'=0n'=0 m=0n

m —1n'—1
—l—E men szn))})},
m=0 n=
(2.32)

where Jy(s,t) = t]i[l [1+af(s,t")] for (s,t) € N .
t'=0

Proof. To prove I, define a function z(s,7) as

S—-1T-1
)=kt h((S 3 b)) + 3, 3 bonn)o (st ).

m=0n= m=0n=0
(2.33)
Then inequality (2.20) takes the form
s—1
Ax(s,t) <z(s,t)+ Y alm,t)Ay,x(m,t). (2.34)

m=0

Here z(s,7) is nonnegative and nondecreasing in s € Ny for ¢ € Ny. Fixing ¢ in (2.34)
and making use of Theorem 1.4, we get

A2x(s,1) < z(s,0)J1(5,2), (2.35)

where J(s,) is as defined in theorem. Further using submultiplicativity of @(r) and
(2.35) in (2.33), we get

s—11—1

7(s,1) < k+h< 20 zz)b(mm)a)(ll (m,n))ow(z(m,n))
—17-1

+ Z Z b(m,n)w(J(m n))w(z(m,n))>. (2.36)

m=0 n=

A starightforward application of Theorem 2.1 to the inequality (2.36) with appropriate
modifications concludes the proof. To prove II, follow the proof of .
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THEOREM 2.4. Let x,a,b,Agx(s,t),Ax(s,t),A2x(s,t),k,k',P,Q,P~1, 0~ be as

defined in Theorem 2.2. Let h,g,0 € C(R4,R.) be nondecreasing functions such that
h is superadditive, g < h and h(m),g(m),®(m) € Ry for me Ry. If

A2x(s,1) <k+h<z Y a(m,n)o(A;,x(m, )—l—g(Z men (A2 x(mn)))

m=0n= m=0 n=
(2.37)

for (s,t) € N and if there is a function f(s,t) € F (%) such that f(s,t) is greater
than or equal to both a(s,t) and b(s,t) then

s—1 1—1 S—1T-1 m—1n'~1
<K+ Y 2k+h<g1 Q(P1 > S F(m.n) >+ > menD
m'=0n'=0 m=0 n=0 m=0 n
(2.38)
for (s,;1) e N
Proof. From inequality (2.37) and assumptions, we have
s—11—1 5 S-1T—
Asx(s,t) <k+h( Y Y fmn)o(As,x(m,n)) + Z 2 o(Ay,x(m,n))
m=0n=0 m=0n=0
(2.39)

Then by reapeating the same arguments as in the proof of Theorem 2.1 we obtain the
desired inequality.

THEOREM 2.5. Let x,a,Asx(s,t),Ax(s,t),A2x(s,t),k,k' be as defined in Theo-
rem 2.2. Let hi,0; € C(R+,R}) be nondecreasing functions for 1 < i <1 such that
hi(m) > 0, w;(m) >0 for m € Ry. Further assume that for each i, h; is superadditive,
h= max{h } and o = lmax{a),} If

1<i<l <i<l

!
A2x(s,1) < k+ Eh,- [
i=1

i{ z Eamn o;( A onX(m,n))

Jj=1 \m=0n=0

vy TEI a(m,n)ao; (A nx<m,n>>H 2.40)

m=0n=

o

for (s,t) € N then

—17-1

EZamn

m'=0n"=0 m=0 n=

x(s,1) <K + 2 2k+h{Q,

) +'"'2_1"§a<m,n>] }

m=0 n=0
(2.41)
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for (s,t) € N, where Q(r) = f L

0 w<k+h< M) ))

Qy(r) is strictly increasing function and Q; ,Pfl are inverse functions of Q; and P,
respectively.

r=ro>0, B(r) = 0i(2r) —

Proof. We have

Astx(s 1)
! i (s=1i=1 —1T-1
<k+ Y h (Z{ D Za m,n) @; (A2, x(m,n)) + Z Z a(m,n)o;(A2,x(m, n))})
i=1 Jj=1 Y\m=0n= m=0n=
s—11—1 1 T—
=k+m a(m,n)w; (A2, x(m,n) 2 2 a(m,n)w; (A2, x(m,n))
m=0n=0 m=0n=0
s—11-1 17-1
—|—h2[ D a(m,n)o; (A2, x(m,n) Z a(m,n)o; (A nx(m,n)))
m=0n=0 =0 n=0
s=11-1 S-1T-1
+ ( a(m,n)wp(A;,x(m,n)) + a(m,n)wp(A;,,x(m n)))}
m=0n=0 m=0n=0

| S—1T-1
+hz{<z Za m,n) oy (A2,x(m,n)) + >y a(m,n)a)l(Arzmx(m,n))>

m=0n= m=0n=0

+. +<22 (m,n)ay (A2, x(m,n) SlezlamnwlAnx(m,n))ﬂ.

m=0n m=0n
(2.42)
Under assumptions, this inequality turns to the form
l+ 1)
A2x(s,t) <k+h Z Z a(m,n)®(A2, x(m,n))
m=0n=
—17-1
+ Z Z a(m,n)o(A2, x(m, n))] } (2.43)
m=0n=

By similar steps as carried out in Theorem 2.1, we obtain the bound as
m' —1n'—1
+ 33 amn)
m=0 n=

(2.44)
for (s,¢) € 4. This completes the proof of our theorem.

—17-1

ZZamn

m=0 n=|

s—1 t—1
x(s,0) <K+ Y k+h{Q,‘

m'=0n"=0
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3. Applications

EXAMPLE 3.1. Consider the following nonlinear Volterra-Fredholm sum-difference
equation

s 1 t 1 1 S—1T7T-1
\,x S, t 3—mA,2,m m7n) + Z 2 <3—m _4_’”>A%mx(m,n) (3.1)
On 0 m=0n=0

for (s,7) € .4, with initial condition x(0,7) = x(s,0) = 1.

If we let a*(s,#) =37* and # (u) = u, then equation (3.1) can be rewritten as

s—11—1

—17-1 7
A2x(s,1) < (20 Zba*(m,n)W(Amnx m,n)) + 2 2 a*(mn) W (A nx(m,n)))

m=0n=

(223%3" mn+223mA2 >%

m=0n m=0 n=|

(3.2)
for (s,1) € N .

Consider h(u) = \/u, then applying Theorem 2.1 to the inequality (3.2) we get

s—1 1—1 m'—1n'—1
x(s0) <1+ Y Y 07! l (Pllzx a(m,n) ) ZEamn]
m'=0n'=0

m=0n

m=0 n
s—1 1—1 m'—1n'—1
=1+ 3 ¥ . |o! l ( [223 ) 223111], (3.3)
m'=0n'=0 m=0n m=0 n
where
roods [ ds
P(r)=0(2r) = 0(r) = o VT, r>rg>0,0=0.82842.
o= ().
7‘2
Pl (r) = )

Using these in (3.3) we obtain explicit bound on x(s,7)

L TraesEs o]\ wsrer -
ol =)

s—=1 t—1
s,) <1+ Y, Z{Q‘l

m'=0n"=0
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1
s—1 1—1 - T2 32—2S(3S _ 1)2 n 31—m’(3m’ ~1) 2
=1+ Y Z{QI[Q< 1o >+ 5

m'=0n"=0
1
s—1 t—1 T3-S35 1) =20 31—m' 3m’ ~1 2
J — Y- a 2
m'=0n"=0
’ ’ 25 4
oD [ (T3SE - 200 A/ 33 1) ’
=1+ + 2 +1
m'=0n"=0 20
s—1 1—1 (T 31—S(3S_ 1) n 31-m (3 1))
m'=0n"=0 20 4
1 o
=1+ 1—6t(2s(8c+3t—3) -3 3 -1 (- 1), (3.4)
T3-5(35-1)
where ¢ = T< o for fixed S, 7 € Ny.

This shows that solution of equation (3.1) is bounded for each (s,z) € 4.

EXAMPLE 3.2. Consider the following Volterra-Fredholm sum-difference equa-
tion

—n A2, x(mn)
22(” ) " )

m=0n=

—1 71— 11
Ax(s.1) = zz [

m=0n=

W =

(3.5)

—|—j§;:§; (1 + %)ﬂ (A,z,mx(m,n))}

for (s,t) € 4, with initial condition x(0,7) = x(s,0) = 7
If we let a*(s,¢) = (14 5)" and # (u) = u, then equation (3.5) can be rewritten as

\ltll

A2 x(s,1) <Y, 2 A2 x(m,n) [2 2 (1 + = >_n A2 x(m,n)

m=0n=| O m=0n=

W] —

(3.6)

+S§§( +) " (@2t >>}

for (s,1) € N
Consider h(u) = v/u, then applying Theorem 2.2 to the inequality (3.6), we get

<2, Zo{(e[e( 2,5 0+3) "]

m=0n

er—t

x(s,1) <
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W] —

+/ZMZI(1+ B mn)D} RNER)

m=0 n=

where
S\
J(s,0) = (1+§)
for (s,1) € 4. Where
_r ds _rds_S(r%—l)
0= e[ 52

2
3

P(r)=0Q(2r)—Q(r) = (0.8811)r?

5 r>1.
0 '(r)= (?—l— 1) 2
P(r) = [(1.135)r]?
Using these in (3.7) we obtain explicit bound on x(s,?) as
1 s—1 11
<5+ 2 2( ) V135 ST 07m0. (3.8)

For instance, if we take S=4 and 7 =5 then .4#" =[0,4) x [0,5) and bounds on x(s,)
for (s,1) € .4 can be tabulated as follows:

s |t |x(st) | s|t| x(st) | s|t]| x(s8) | s |t ]| x(s0)

0[]0 0S5 110 0.5 210 0.5 310 0.5

01 0.5 11526445 | 2 | 1 | 10.0289 | 3 | 1 | 14.7934

02| 0S5 1]2)10.0289 | 2 | 2 | 22.0494 | 3 | 2 | 36.6322

03| 0S5 131147934 | 2 | 3| 378595 | 3 | 3 | 72.6413

0|4 0.5 141195578 | 2 | 4|594313 | 3 | 4 | 135.705
Table 3.1

From Table 3.1 we can easily see that x(s,7) has concrete boundary for each (s,1) € .A".
In general, the inequality (3.8) gives us the bound on the solution of (3.5).

EXAMPLE 3.3. Consider the following nonlinear Volterra-Fredholm sum-
difference equation

sfltflm_,’_n S-1T m—|—n;
Batsn)= Y ¥ B+ Y Y M) 39)

m=0n=0 m=0 n=0
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for (s,7) € .4, with initial condition x(0,7) = x(s,0) = 1.

If we let a*(s,t) = s+t and # (u) = \/u, then equation (3.9) can be rewritten as

11— S—1T7T—
A2 x(s,1) Z Z m+n)y/AZ,x(m,n) + z Z m+n)y/AZ x(m,n)  (3.10)

for (s,1) € N .
Consider h(u) = u, then applying Theorem 2.1 to the inequality (3.10) we get

SI)SH-SE ti {Ql Q(pl ) ilnilm—i-n

m'=0n"=0 m=0 n=
where 0,07, P,P~! are as defined in Example 3.1. Using these in (3.11), we obtain
explicit bound on x(s,7) as

il fmln m—|—n—2) ST(S+T—2)\*
<1 . 3.12
i ZOH,ZO< T 65684 ) (3.12)

S—1T7-1
Z 2 (m+n)
m=0 n=0

]}

(3.11)

For instance, if we take S =35 and 7 = 6 then .#" =0, 5) x [0,6) and bounds on x(s,)
for (s,1) € .4 can be tabulated as follows:

st x(st)|s|t]| x(st) |s|t] x(st) |s|t] x(st) |s]|t] x(s2)
0j0 1 10 1 210 1 310 1 410 1
01 1 11| 26557 |2|1|53112.9|3|1{79668.9 |4 |1 |106225
02| 1 112(53112.9 2|2 | 106225 |3 |2 | 159500 |4 |2 |213103
013 1 1{3]79668.9 |2 |3| 159500 |3 |3 | 239987 |4 |3 | 321633
04 1 114106225 |24 213103 |3 |4 | 321633 | 4|4 |432849
015 1 115132781 | 2|5 267202 |3 |5 | 404959 |4 |5 | 547845
Table 3.2

Table 3.2 shows that on any such domain the solution of (3.9) has a concrete boundary.

EXAMPLE 3.4. Consider the following nonlinear Volterra-Fredholm sum-
difference equation

2
s
A2 x(s,t) = (2 S N (/A2 ) (2 ZNM/ mn)> (3.13)
m=0n=| m=0 n=|
for (s,1) € .4, with initial condition x(0,#) = x(5,0) = 7

On comparing (3.13) with (2.37), we get h(x) = x*, g(x) = x, a(m,n) = Ny, b(m,n) =
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N, and o(x) = ¢x. Itis clear that g(x) < A(x) and & is superadditive for x € R . If
we choose N such that N; and N, both are less than or equal to N then (3.13) can be
rewritten as

s—11—1 S—1T7T-1 2
A2x(s,1) < (2 EN,/AW mn)+ Y, EN\/A )) (3.14)

m=0n=| m=0 n=
for (s,1) € A
Now applying Theorem 2.4 to the inequality (3.14), we get
1 soli-d S—1T-1 m —1n'—1
x(s,1 Z+ZZ oMo(P Y SN |+Y SNy, (315
m'=0n'= m=0n=0 m=0 n=0

where Q,0~ ', P,P~! are as defined in Example 3.2. Using these in (3.15), we obtain
explicit bound on x(s,7) as

l s—1 t—1
<= N3(1.1358T +0.7 3.16
x(s,1) < 4+ /Zonfzo + mn) ( )

From inequality (3.16), we can easily conclude that the solution of equation (3.13) is
bounded for each (s,7) € A".

4. Conclusions

In this paper, some more general extensions of existing Volterra-Fredholm type
discrete inequalities have been investigated. These inequalities are designed in order to
solve some crucial finite difference equations where direct application of previous in-
equalities is not possible. However in literature we come across more general Volterra-
Fredholm difference equations which involve critical nonlinear functions. Hence, the
above inequalities can be extended and generalised to study various types of nonlinear
difference equations.
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